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Experiments have yielded multiple coexistence loops for gels with random positive and negative ionic groups,
exhibiting the existence of up to seven distinct macroscopic phases distinguished by volume discontinuities. We
introduce for this system a model composed of local degrees of freedom for ionization and for ionized cross-binding
which are spatially arrayed with random connectivity. This model yields the multiple coexistence of phases, as

well as volume versus excess charge curves, similar to the experimental results.
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1. Introduction

Gels have been known to undergo a phase tran-
sition between a swollen and a collapsed phase
[1]. More recently, many additional phases have
been discovered by Annaka and Tanaka [2] in gels
with random positive and negative ionic monomer
groups. These phases are distinguished from each
other and from the usual swollen and collapsed
phases by density and local environment [2-4]. At
the same final pH and temperature, depending on
the path taken to that point in thermodynamic
phase space, a multiplicity of phases is observed.
In this paper, we develop for this phenomenon a
model composed of local degrees of freedom for
ionization and, if ionized, cross-binding, spatially
arrayed in a random connectivity. This physi-
cal picture of the system directly leads to a spin
model with two types of local degrees of freedom,
coupled by competing quenched random interac-
tions due to random fields. This spin model yields
the multiple coexistence phenomena. The many
phases can be understood as randomly coordi-
nated phases. The model also yields volume ver-
sus charge curves in qualitative agreement with
experiment [5] and another type of theory [6-8].

2. Experimental Systems

The measurements of diameter versus pH
on gels with different ratios of acrylic acid

(the anionic group) and MAPTAC (methyl-
amido-propyl-trimethyl ammonium chloride, the
cationic group) share a general feature [2]: As pH
is changed from either extreme toward neutral, a
large jump occurs from the swollen phase to the
collapsed phase; as the pH is changed from neu-
tral toward either extreme, many smaller jumps
occur as the gel expands.

The microscopic picture of these systems is
as follows. The gel is composed of crosslinked
polymer chains that contain random sequences of
ionic groups. In a very acidic (basic) solution, the
anionic (cationic) groups are neutralized and the
cationic (anionic) groups are ionized; therefore,
the gel swells from self-repulsion [6,7], although
this repulsion is somewhat screened by the ex-
cess opposite charge in the solvent. As the pH is
brought toward neutrality, both groups become
partially ionized. Opposite charges can bind ran-
domly across the gel [9], which lowers the energy
and the entropy; the reduction of entropy arises
from restricting the self-avoiding random walk of
polymers.

3. Microscopic Model

We now build a model for these systems. The
gel is modelled by volume elements ¢ arranged
as a simple cubic lattice. Each volume element,
referred to as a site from here on, is randomly as-
signed a net cationic or anionic character. For a
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cationic (anionic) site 4, the local variable ¢; = +1
(-1) or 0 denotes, respectively, ionized or neutral-
ized states. This amounts to a spin-1 Ising model
under a strong random field that suppresses ran-
domly one of the magnetized states at each site.
The relative abundance of ionized or neutralized
states is controlled by the pH, which equals the
ionization reaction constant pK, (pKj) of an acid
(base) when half the substance is ionized and half
is neutral in the absence of other interactions.
This contribution to the Hamiltonian can be ex-
pressed as

_IBHpH = ZAz(ha (1)

A; = (T,/T)(pH — pK,) and

but unbound charges. Such a contribution to the
Hamiltonian can be expressed as

_BHCoul =
ZZ Jo — J1bu)qiq; (1 = b;)(1 = by), (5)

where the first sum is over the unit cubes pu, the
second sum is over the sites of each unit cube, and
b, is the number of bound pairs within cube p.
The occurrence of two opposing terms, with in-
teraction constants Jy and Jy, allows for the dras-
tically different local environments of expansion
and contraction. (i) In the absence of bound pairs
(b, = 0), the local gel is expanded and envelopes
counterions from the solution. If the unit cube is
populated by like charges, it will admit counteri-
ons of the opposite sign and be in an energetically

Ai = (T,/T)(pKy — pH), (2)

for cationic or anionic components, respectively,
where T, = 298K is the standard temperature
and T is the actual temperature.

In the gel, charges interact via the Coulomb po-
tential. In this model, the first way in which the
Coulomb interaction manifests itself is that op-
positely ionized neighboring sites can bind. The
local variable b; = 1(0) denotes, respectively, that
the site i is bound (unbound) to another nearby
site. When a bond forms, the charges involved
offset each other, thereby neutralizing their inter-
actions with other charges. Thus, each site can
participate in only one bond, so that the b; = 1
states occur in pairs. We take a bond to be pos-
sible between a site and its six nearest neighbors,
twelve second neighbors, and eight third neigh-
bors. In other words, all of the sites within a
2x2x2 unit cube mutually interact and each site
participates in eight unit cells. This contribution
to the Hamiltonian can be expressed as

~BHyina = »_ Jnbi, ®3)

where 2Jp > 0 is the binding energy. Since bind-
ing contracts the gel, a normalized measure of
volume is

v=1-<b;>. (4)

Another way in which the Coulomb potential
manifests itself is by the interaction of nearby

favorable state. If the unit cube is populated by
unlike charges, the counterions will interact with
their like charges on the gel and cause an energet-
ically unfavorable state. This effective attraction
between separated like charges just reflects the at-
traction of each charge to an intermediary unlike
charge, which of course also is the basis of ionic
solid formation.[10] It is also known to occur quite
generally [11], in ion agglomerates [11,12] and in
living polymers [11,13-17], as confirmed through
studies of conductances and reaction kinetics. In
a study of another system closely related to the
gel system of this paper, the properties of lin-
ear polyelectrolytes can be explained again by
the effective attraction between like charges on
the polymer due to the intermediary of the op-
positely charged ions in the surrounding solution
[18]. In our system, the connectivity imposed by
the gel frustrates the full realization of this ef-
fect, in the cubes populated by unlike charges, as
mentioned above. (ii) In the presence of bound
pairs (b, > 0), the local gel is contracted and its
charges interact directly, energetically favorably
for unlike charges and vice versa. The higher the
number of bound pairs b,, the more contracted is
the gel, with the interaction getting stronger as
Jib,.

Thus, the complete Hamiltonian containing the
Coulomb, binding, and pH effects is

—BH Z Z(Jo — Jibu)qiq; (1

+ Z iqi + JBb;). (6)

—bi)(1 = b))
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In the determination of b,, the contribution of
a bound pair belonging to several unit cubes is

shared by the latter, so that edge, face-diagonal,

and body-diagonal pairs respectively contribute
1/4,1/2, and 1 to each p.

4. Results

We have studied the model defined by the
Hamiltonian of Eq.(6) using Monte Carlo simu-
lation and have found that the distinctive qual-
itative features of the polyampholyte gel exper-
iments are reproduced. Data is shown below
at 33% MAPTAC concentration, with which the
largest number of distinct phases was observed
experimentally [2,3]. An 8x8x8 system of volume
elements with open boundary conditions was sim-
ulated, with Jg = 2(T,/T), J, = 0.2(T,/T), and
J1 = 1.6(T,/T). The results were robust with
respect to varying the choices of interaction con-
stants.

To demonstrate the multiplicity of collapsed
phases, the system at a given pH was annealed
(heated and cooled) repeatedly. The systems
at extremal pH are in the maximally expanded
phase at lower temperatures, as seen for pH = 2.0
in Fig.1(a) and pH = 15.0 in Fig.1(e). The sys-
tem at neutral pH = 7.0 is in the maximally col-
lapsed phase at lower temperatures, as seen in
Fig.1(c). By contrast, the systems at interme-
diate pH indeed access, at lower temperatures,
multiple phases with distinct partial collapses,
when they are cycled up and down the tempera-
ture scale, as seen for pH = 2.4 in Fig.1(b) and
pH = 13.25 in Fig.1(d).

Fig.2(a) shows the volume of the gel as
a function of the excess charge in the gel,
Q = (1/N) 3", gi, where N is the number of vol-
ume elements in the model. The characteristic
flat bottom, sandwiched between the sharp rises,
seen experimentally (Figs.2(b,c) from Ref.[5]), is
thus obtained from the model. This result is also
in qualitative agreement with the more macro-
scopic theoretical approach of Refs.[6-8].

We have thus constructed a model Hamiltonian
of coupled charge and binding degrees of freedom,
based on microscopic phenomenology, that cap-
tures the qualitative behavior observed by An-
naka and Tanaka in their experiments [2,3] on
polyampholyte gels. The model can be discussed
in spin language: A random field on an s = 1
model induces a quenched random spatial distri-
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Figure 1. Gel volume as a function of tempera-
ture. For each pH, the system is repeatedly annealed
(heated and cooled) in search of multiple phase coex-
istence, using T/(T, + T') steps of 0.01 and, at each
temperature, 200 (after discarding 100) Monte Carlo
steps per spin. At intermediate pH (b,d), it is seen
that multiple phase coexistence indeed occurs, with
distinct partial collapses. For extremal pH (a,e) and
neutral pH (c), the gel is in the totally expanded and
collapsed phases respectively.
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Figure 2. (a) Calculated volume as a function of net
charge on the gel. (b,c) Experimental swelling degree
of AMPS/MAPTAC copolymer gel as a function of
net charge concentration from Ref.[5].

bution of possible opposite spin states that equili-
brate with zero-spin states via the pH. The non-
zero spins represent the ionized monomers and
have alternate local binding configurations bring-
ing together opposite pairs. As the occurrence of
the up and down spins is changed via the pH, the
system moves from maximal binding (collapsed
gel) to non-binding (expanded gel). In between,
in the partial binding regimes, the multiplicity of
local binding configurations gives rise to a macro-
scopic diversity, namely the coexistence of multi-
ple phases with distinct partial collapses.
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