ARI The Bulletin of the Istanbul Technical University

Communicated by Muhittin Gokmen

VOLUME 53, NUMBER 1

A Method to Determine the Critical Parameter Tolerances
for a Proportional-Integral-Derivative (PID) Controller

Cevat Erdal
Department of Electrical and FElectronics Engineering, Istanbul Technical University, 34469 Maslak,
Istanbul, Turkey
(Received 08 October 2002)

The PID controllers are one of the most important control elements used in process control industry. In this
study, a general method is proposed to determine the critical parameter tolerances by the use of the sensitivities
of a PID controller’s transfer function. These tolerances keep the relative error at the output of the PID controller
due to parameter variations in a predefined tolerance region.
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1. Introduction

Over the last 15 years, control theory has devel-
oped several techniques for designing linear time-
invariant control systems that are optimum and
robust. It is shown that optimum and robust con-
trollers designed by these techniques can produce
extremely fragile controllers, in the sense that
vanishingly small deviations of the coefficients
due to the environmental effects of the controller
designed destabilize the closed-loop system. The
fragility also shows up usually as extremely small
gain and/or phase margins of the closed-loop sys-
tem [1].

It is obvious that it would be unwise to place
a controller that is fragile with respect to devia-
tions of its coefficients due to the environmental
effects in an actual control system without fur-
ther precautions and analysis since deviations of
controller coefficients cause the deviation of the
output voltage of the controller.

Although reducing the deviations at the output
due to the environmental effects are studied ex-
tensively [2,3,4,5,6] in active network design, this
problem has not been examined and solved so far
for controllers. Considering this gap in the litera-
ture, the following a method is proposed to solve
this problem for PID controller by the use of the
sensitivity concept. For this purpose, using the
transfer function of a PID controller and the pa-
rameter sensitivities, first an upper bound is given
for the deviation at the output voltage of the PID
controller. Then the critical parameter tolerances
which satisfy this upper bound are presented. In

this way, the total error of a closed-loop control
system, which is equal to the sum of the errors of
the individual blocks, can be satisfied more easily.

2. Basic Definitions

The relation between input and the output
voltages of a PID controller can be written in s-
domain as

E,(s) = T(s)Ei(s), (1)

where e,(t) is the output voltage; e;(¢) is the in-
put voltage. In Eq.1, T(s) is the transfer function
of a general analog, PID controller, which can be
written as [7,8,9,10]

E,(s)
E;i(s)

K.
T(s) = got = Ko+ =2 + 5K, 2
where K is the proportional gain; K> is the in-
tegral gain, and K3 is the derivative gain.
The relative deviation of the output voltage can

be expressed in terms of parameter sensitivities,
as follows [11,12,13]:
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where x, k = 1,...,n denotes the nominal value
of kth parameter which is either a component or
a system parameter and Axy/xj is the relative
deviation in kth parameter due to the environ-
mental effects, and S7, (s) is the normalized sen-

sitivity of the transfer function, T(s) with respect
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to kth parameter z;, and is defined as:

9= (T
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), k=1,.. (4)
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The sensitivity, S7 (s) can also be written in
terms of gain and phase sensitivities after sub-
stituting s = jw, as follows [5]:

87 (Gw) = S5 (w) + 787, (w), (5)
where SItl(w) and S8 (w) are normalized sensi-

tivity of the gain function and semi-normalized
sensitivity of the phase function respectively and
can be written by using the chain rule as
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The overall relative deviation at the output volt-
age of a controller due to parameter variations
can be obtained from Eq. 3, Eq. 6, and Eq. 7 as

AE,(jw) i . Axp,
Folw) > IS w) + 4S8, (w)]?.

k=1

®)

With this formula, a designer can evaluate the rel-
ative deviation at the output of a PID controller,
once parameter variations are known.

3. Calculation Of Critical Parameter Tol-
erances

In practice, it is very difficult to predict the pa-
rameter variations but their upper bounds named
as their tolerances. Hence it is quite hard to es-
timate the output deviation. Therefore, in the
following, first an upper bound will be given for
AE,/E,, and then using this upper bound criti-
cal parameter tolerances will be calculated.

By the use of the triangular inequality together
with Eq. 8, the upper bound for overall relative
deviation at the output voltage can be expressed
as follows, for the designer’s specified frequency
band of w € [wy,wa] [14]:
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where £, is the tolerance of kth parameter defined
as,

9)

Az
max |—k| = t, (10)
Ty
and t.,, is the largest tolerance among ;s and is
named as the critical parameter tolerance:

ter = max{ty, k=1,..,n}. (11)

Furthermore, ¢, is the output tolerance defined
as the maximum value of 3", _, |SZ (jw)| versus
w, multiplied by t.,:

to = tcr[z |S$k (jw)
k=1

Note that t, is the upper bound for |AE,/E,|.
Eq. 12 can be used in calculating the value
of the critical parameter tolerance keeping
|AE,/E,| <t, in a specified frequency band.

By assigning w. as the critical angular fre-
quency at which Y, |ST (w)| takes its max-
imum value, we can calculate the critical param-
eter tolerance as

[lmax, w € [w1,ws]. (12)

lo
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Note from Eq. 13 that if the designer chooses each
of the parameter tolerances less than or equal to
t.r the relative deviation at the output of the con-
troller falls always in prescribed tolerance region
denoted by t,.

In the following, the critical parameter toler-
ances will be calculated according to the pro-
posed formula for an electronic PID controller in
Figure 1 [15,16]. The controller gains can be writ-
ten as

(13)

ter =

K, = R4(R101 + RQCQ)/RlR?,CQ, (14a)
K> = Ry/R1R3C5, (14b)
Kg = R2R401/R3. (140)
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Figure 1. An Electronic, Proportional-Integral-
Derivative (PID) Controller

Let the controller gains be specified as
K, = 39.62, Ky = 12.87s7 !, and K3 = 30.48s.
Then the parameter values can be chosen as
follows:

Ry = R, = 153.85K(), Rs = 10KQ, (15q)

Ry =197.1KQ, Cy =Cy = 10uF. (15b)

Assuming that the designer wants |AE,/E,| to
be less than or equal to 0.01, then the critical
parameter tolerance is to be obtained as

ter = 0.2%. (16)

Therefore, the parameter tolerances must be cho-
sen smaller than the critical parameter tolerance.
If the designer wants |AE,/E,| to be less than
or equal to 0.1, then the critical parameter tol-
erances may be chosen ten times larger than the
ones in Eq.16, and so forth.

4. Conclusions

In this study, using the sensitivities of the
transfer function of a PID controller, a general
method is proposed to determine the critical pa-
rameter tolerances for any kinds of PID con-
trollers by an appropriate approach. If the pa-
rameter tolerances are chosen less than or equal
to the critical parameter tolerance, t.., the rela-
tive error at the output of a PID controller due
to the parameter variations always stays in pre-
scribed tolerance region denoted by t,. In this
way, the total error of a closed-loop control sys-
tem, which is equal to the sum of the errors of
the individual blocks, can easily be satisfied.
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